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Abstract

In this work we set upon showing theoretically that the use of accelerating spa-
tiotemporal Quasi-Phase-Matching (QPM) in media with parametric optical in-
teractions makes it possible to generate a time-reversed replica of the pump pulse
envelope in a frequency converted component.

We construct the geometrical form for the modulation that will lead to an
up-converted envelope-time-reversed replica of the pump pulse. The conversion
relies on group-velocity mismatch between the fundamental and the up-converted
harmonic, and is controlled by the acceleration rate (chirp) of the QPM pattern.
Without loss of generality we develop this concept for the prototypical nonlin-
ear frequency conversion of second harmonic generation (SHG). The modulation
pattern can also support other phase-matched up-conversion processes other than
the desired envelope-time-reversed replica. We analyze the condition under which
such replicas occur. The analytical results are corroborated with numerical simu-
lations for the case of SHG in a nonlinear crystal.
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1 Introduction

Time reversal of pulses has important applications, such as the correction of wave
distortions [1] and focusing in various settings, including complex media [4], plas-
monics [18], medical ultrasound [11] and communications microwaves [17]. In
optics, time reversal was demonstrated or predicted by means of two different
methods: by phase conjugation via nonlinear four-wave mixing [13, 28, 21, 16,
20, 14] or by using time-modulated photonic structures [27, 19, 25, 23, 30, 9, 26].
Here we aim to show that the interaction of a pump pulse with an accelerating
(chirped) spatiotemporal nonlinear photonic crystal [6, 7] can generate a signal
pulse which is an envelope-time-reversed [24], frequency-converted, replica of
the pump pulse, provided that group-velocity mismatch is maintained between
the pump and signal pulses.

Dispersion-induced phase mismatch inhibits efficient optical-frequency con-
version processes. To ameliorate the situation in energy-conserving processes,
one can use properly patterned spatial modulations of a parameter relevant to the
process to compensate for momentum mismatch. This technique is known as
Quasi-Phase-Matching (QPM) [8, 3]. More generally, the phase mismatch may
be split between the momentum and energy domains, in which case a spatiotem-
poral modulation is needed to phase-match the process [6]. The availability of
techniques for engineering complex spatiotemporal light patterns [2, 15] suggests
that an all-optical spatiotemporal QPM can be produced, using modulations more
sophisticated than gratings moving at a constant velocity. In particular, an accel-
erating grating can enforce different phase-matching conditions at different times
in the course of the nonlinear interaction. Spatiotemporal QPM with specific ac-
celerating modulations were suggested for controlling the temporal and spectral
profiles of high-harmonic generation [7], and for realizing time-to-frequency map-
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ping of optical pulses [15].

In the following we show that, choosing an accelerating all-optical modula-
tion pattern, one can realize time-reversal of the envelope of an optical pulse in-
teracting with the pattern. We stress that the method is relevant to any frequency-
conversion process in which the group-velocity-mismatch is significant and an
all-optical modulation is applicable, both in perturbative [5, 22] and in extreme
nonlinear optics [29]. Without loss of generality we develop this concept for the
prototypical nonlinear frequency conversion of second harmonic generation.
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2 Background

2.1 Nonlinear optics

Nonlinear optics (NLO) is a field in optics that examines phenomena that occur
as a result of modifications of optical properties in a material system. Usually, a
high intensity light source (a laser) will be required in order to modify the optical
properties of the system. The beginning of NLO research is attributed to the dis-
covery of second harmonic generation (SHG) by Franken at al. in 1961 [12] after
the first working laser demonstration in 1960.

The dipole moment per unit volume, or polarization P(t), of a material system
depends on the strength of the applied optical field E(t). In linear optics, the
induced polarization depends linearly on the electric field strength. This can be
described by: P(t) = ε0χ(1)E(t), where χ(1) is the linear susceptibility and ε0 is
the permittivity of free space. In nonlinear optics, the optical response can be
described by generalizing P(t) in the following way:

P(t)= ε0

[
χ
(1)E(t)+χ

(2)E2(t)+χ
(3)E3(t)+ ...

]
=P(1)(t)+P(2)(t)+P(3)(t)+...,

(2.1)
where χ(n) is the n-th order nonlinear susceptibility and P(n) is the n-th order
nonlinear polarization. We can represent the electric field vector of the optical
wave as the discrete sum of a number of frequency components as

EEE(r, t) = ∑
n

E(ωn)e−iωnt . (2.2)
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Using a similar notation, we can express the polarization as

PPP(r, t) = ∑
n

P(1)(ωn)e−iωnt +∑
n

P(2)(ωn)e−iωnt +∑
n

P(3)(ωn)e−iωnt + .... (2.3)

We now define the components of the second-order susceptibility tensor, χ(2),
relating the field amplitude and the amplitude of the second-order nonlinear po-
larization:

P(2)
i (ωn +ωm) = ε0 ∑ jk ∑(nm) χ

(2)
jk (ωn +ωm;ωn,ωm)E j(ωn)Ek(ωm) =

= ε0D̄∑ jk χ
(2)
jk (ωn +ωm;ωn,ωm)E j(ωn)Ek(ωm), (2.4)

where the indices ijk refer to the Cartesian components of the fields. In preforming
the summation over n and m the sum ωn +ωm is to be held fix, while ωn,ωm are
each allowed to vary. This is indicated by the notation (nm). The summation over
n and m can be replaced by the degeneracy factor, D̄, representing the number of
distinct ωn,ωm permutations. The above can be generalized to higher orders, in
particular to the third order:

P(3)
i (ωo +ωn +ωm) = ε0D̄∑

jkl
χ
(3)
i jkl(ωo +ωn +ωm;ωo,ωn,ωm)E j(ωo)Ek(ωn)El(ωm).

(2.5)

In this case D̄ represents the number of distinct ωo,ωn,ωm permutations.

The polarization changes in time and acts as a source term for the new fre-
quency components of the field, as it is evident in the wave equation that we will
now obtain. We begin with Maxwell’s equations for the case of no free charges
and no free currents, and where the medium is a nonmagnetic material (sustaining
BBB = µ0HHH, µ0 being the vacuum permeability):

∇ ·DDD = 0 (2.6a)

∇ ·HHH = 0 (2.6b)

∇×EEE =−µ0
∂HHH
∂ t

(2.6c)

∇×HHH =
∂DDD
∂ t

, (2.6d)
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where DDD is the electric displacement field given by:

DDD = ε0EEE +PPP. (2.7)

Taking a curl on Eq. (2.6c), switching the order of the derivatives (time and space)
and substituting Eq. (2.6d) results in

∇×∇×EEE =−µ0∇×
(

∂HHH
∂ t

)
=−µ0

∂

∂ t
(∇×HHH) =−µ0

∂ 2DDD
∂ t2 . (2.8)

We can now substitute Eq. (2.7) into Eq. (2.8) and obtain

∇×∇×EEE +
1
c2

∂ 2EEE
∂ t2 =−µ0

∂ 2PPP
∂ t2 . (2.9)

Using the relation ∇×∇×EEE = ∇ ·(∇ ·EEE)−∇2EEE and neglecting ∇ ·(∇ ·EEE) results
in the wave equation:

∇
2EEE− 1

c2
∂ 2EEE
∂ t2 = µ0

∂ 2PPP
∂ t2 , (2.10)

where c = 1/
√

ε0µ0 is the speed of light. PPP and DDD can be split into the linear and
nonlinear parts:

PPP = PPP(1)+PPP(NL) (2.11a)

DDD = DDD(1)+PPP(NL). (2.11b)

The linear part of DDD is given by:

DDD(1) = ε0EEE +PPP(1) = ε0ε
(1)EEE, (2.12)

where ε(1) is the frequency dependent dielectric tensor. The wave equation then
becomes:

∇
2EEE− ε(1)

c2
∂ 2EEE
∂ t2 = µ0

∂ 2PPP(NL)

∂ t2 . (2.13)

It is evident in the above wave equation that the nonlinear response acts as a source
term.
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Figure 2.1: Energy level diagram of the second harmonic generation
process. Two photons of frequency ω0 are annihilated while simulta-
neously a single photon of frequency 2ωo is generated. The solid line
represents the ground level and the dashed lines represent the virtual
levels.

2.1.1 Second harmonic generation (SHG)

SHG is a second order nonlinear process in which the exchange of photons be-
tween frequency components in the field occurs. In the interaction with the non-
linear material, two photons of frequency ω1 are annihilated while simultaneously
a single photon of frequency 2ω1 is generated, as illustrated schematically in Fig.
2.1.

Let us consider a nonlinear crystal with a non zero second order susceptibility,
χ(2). The field of an incident laser beam illuminating the nonlinear crystal is
given by E(t,z) = E1e−iω1t + c.c = A1(z)ei(k1z−ω1t)+ c.c, where k1 =

ω1n(ω1)
c and

n(ω1) =
√

ε(1)(ω1) is the refractive index at ω1. According to Eq. (2.1), the
corresponding second order nonlinear polarization is given by

P(2)(t,z) = ε0χ
(2)E2(t,z) = 2ε0χ

(2)|E1|2 + ε0χ
(2)(E2

1 e−2iω1t + c.c). (2.14)

The first term of Eq. (2.14) describes a DC component. The second derivative
with respect to time of this term is equal to zero, hence it will not generate an
electromagnetic radiation. The second term oscillates at frequency 2ω1 and leads
to the generation of electric field radiation at the second harmonic frequency.
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Next, we will obtain the coupled wave equations for SHG in a lossless medium.
The second harmonic (SH) electric field is given by

E2(t,z) = A2(t)ei(k2z−ω2t). (2.15)

The corresponding wave equation in the frequency domain (Eq. (2.13) ) is

∂ 2E2

∂ z2 + k2(ω)E2(z,ω) =−µ0ω
2
2 P(2)

NL , (2.16)

where P(2)
NL is the second term of Eq. (2.14). The second derivative with respect to

z of E2 is given by

∂ 2E2

∂ z2 =

(
d2A2

dz2 +2ik2
dA2

dz
− k2

2A2

)
ei(k2z−ω2t) ≈

(
2ik2

dA2

dz
− k2

2A2

)
ei(k2z−ω2t),

(2.17)
where we have used the slowly varying envelope approximation:

∣∣∣d2A2
dz2

∣∣∣<<
∣∣∣k2

dA2
dz

∣∣∣.
Inserting Eq. (2.17) and P(2)

NL into Eq. (2.16) we obtain the equation for the SH
field amplitude:

dA2

dz
=

ω2
2 χ(2)i
2k2c2 A2

1ei(2k1−k2)z−i(2ω1−ω2)t (2.18)

At this stage we assume no energy mismatch, that is no frequency mismatch,
2ω1 = ω2. In which case the wave vector mismatch is equal to ∆k = 2k1− k2 =
2n(ω1)ω1

c − n(ω2)ω2
c = 2ω1

c [n(ω1)− n(ω2)]. The equation for the fundamental har-
monic (FH) field amplitude is derived in an analogous way, using the related po-
larization:

P(2)
NLFH

= 2ε0χ
(2)A2A∗1ei(k2−k1)z. (2.19)

The obtained coupled wave equations for the SHG process are:

dA2

dz
=

ω2
2 χ(2)i
2k2c2 A2

1ei∆kz (2.20a)

dA1

dz
=

ω2
1 χ(2)i
k1c2 A∗1A2e−i∆kz. (2.20b)

Where
∆k = 2k1− k2 (2.21)
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2.1.2 Phase matching

Nonlinear processes are sensitive to the phase between the interacting waves and
require phase matching in order to be efficient. Consider the second-harmonic-
generation process described in the previous section. The FH accumulates phase
according to eik1z and a polarization corresponding to e2ik1z is developed, leading
to the generation of the SH that accumulates phase according to eik2z. Due to
material desperation, the refractive index is frequency dependent and 2k1 6= k2.
A SH radiation emitted from two locations in the crystal, distance l from one
another, will have the phase difference of (2k1− k2)l. As l changes, energy can
flow from the SH to the FH and back. The SH field amplitude oscillates with
propagation distance. The characteristic distance over which the FH and the SH
fields exchange energy is called the coherence length and it is given by: lc = π

|∆k| .
This is the distance over which the two waves accumulate a phase difference of
π radians. It can be looked at from the uncertainty principle perspective, as the
length scale over which a ∆p = h̄∆k spread in momentum is allowed.

Let as look at Eq. (2.20a). Using the undepleted pump approximation, the
amplitude A1 can be taken as a constant. This approximation is valid when the
conversion of the FH field to the SH field is not too large. For the case of no
momentum mismatch, ∆k = 0, the solution of Eq. (2.20a) is a linear dependence
of A2 on z. ∆k = 0 is the condition of perfect phase matching and it is required
in order to extract energy efficiently from the incident wave, ensuring a fix phase
relation between the generated wave and the nonlinear polarization.

A known way to obtain phase matching is by using birefringent phase match-
ing. In birefringence materials there is a dependence of the refractive index on the
direction of polarization of the optical radiation. Phase matching can be achieved
through the use of birefringent material by determining the polarization of the
highest frequency wave in the process to be in the direction that gives the lower
index of refraction.

2.1.3 Quasi phase matching (QPM)

As stated above, maintaining phase matching condition is necessary for effective
generation of a new frequency in a nonlinear interaction. To achieve it, the QPM

11



Figure 2.2: Wave-vector representation of second-harmonic-generation
process using quasi-phase-matching. The wave vector of the modulated
structure, given by kPM = 2π

Λ
, compensates for the mismatch between

the interacting waves. Therefore, when Λ = 2lc, quasi phase matching is
obtained.

technique can be used. The idea is to use properly patterned spatial modulations
of a parameter relevant to the process to compensate for momentum mismatch.
The simplest spatial QPM scheme uses a one-dimensional periodically poled ma-
terial. This material is a fabricated structure in which the orientation of one of
the crystalline axes is inverted periodically as a function of position within the
material. The inversion of the axes direction leads to the inversion of the sign of
χ(2), resulting in a periodic modulation of χ(2) with period Λ. Each time the field
amplitude of the generated wave is about to begin to decrease as a consequence
of the phase mismatch, a reversal of the sign of χ(2) occurs and allows the field
amplitude to continue to grow monotonically, resulting in momentum conserva-
tion up to values of h̄2π/Λ. In the wave vector representation, as shown in Fig.
2.2, the wave vector of the modulated structure compensates for the mismatch be-
tween the interacting waves. The modulation wave vector is given by kPM = 2π

Λ
,

therefore, when Λ = 2lc, QPM is obtained.

We can describe a mathematical formulation of such QPM modulation. We
start by defining the nonlinear coupling coefficient, d ≡ χ(2)

2 . We describe the
spatial dependence of the nonlinear coupling coefficient, d(z), as a square-wave
modulation: d(z) = de f f · sign

[
cos
(2πz

Λ

)]
. Where de f f denotes the nonlinear co-

efficient of the homogeneous material. d(z) is a periodic function, hence can be
described in the form of a Fourier series:

d(z) = de f f

∞

∑
m=−∞

Gmeikmz, (2.22)

where km = 2πm
Λ

and Gm = 2
mπ

sin
(mπ

2

)
. Substituting the coupling coefficient d(z)

12



as given in Eq. ( 2.22) in Eq. (2.20a) we obtain:

dA2

dz
=

ω2
2 de f f i
k2c2 A2

1

∞

∑
m=−∞

Gmei(∆k+km)z. (2.23)

To achieve QPM, one of the Fourier components of d(z) can be used. From the
above we can see that the wave-vector mismatch for order m is equal to ∆kQ =

∆k+ km, where for SHG ∆k = 2k1− k2 is the wave vector mismatch as we have
seen before. Since the coefficient Gm decrease with the increase of m, the most
efficient coupling is achieved by the first order component, m = 1, for which km =
2π

Λ
. In order to achieve QPM we demand ∆kQ = 0, that leads us to:

∆kQ = 2k1−k2+km = 2k1−k2+
2π

Λ
= 0→ Λ =

2π

k2−2k1
=

2π

|∆k|
= 2lc. (2.24)

The desired period is equal to twice the coherence length, as we got before.

2.1.4 Spatiotemporal quasi phase matching

The QPM described in the section above is as it is considered traditionally, a tech-
nique in which a spatial modulation is being used to compensate for momentum
mismatch induced as result of dispersion. However, QPM can also be considered
as a temporal modulation compensating for energy mismatch or more generally,
as a spatiotemporal modulation compensating for both momentum mismatch and
energy mismatch. Such spatiotemporal QPM modulation will provide a powerful
tool to manipulate light through nonlinear processes.

In the spatial QPM, the momentum conservation is replaced by a quasi mo-
mentum conservation (less restrictive) in which the modulation wave vector is
used for the momentum balance. As a representative case for the QPM descrip-
tion, we will look at the up-conversion of the FH at frequency ω1 to the qth har-
monic at frequency ω̃ (for SHG, q = 2). In energy-conserving processes the con-
version is to the frequency ω̃ = qω1 such that the energy mismatch is equal to
zero: ∆E = h̄∆ω = h̄(qω1− ω̃) = 0. Consequently, due to dispersion, there is a
momentum mismatch: ∆p = h̄∆k = h̄qω1

c [n(ω1)−n(qω1)]. As described in the
previous section, in order to compensate for ∆k, a spatial QPM is needed and the
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most simple case uses spatial periodic modulation with the period Λ = 2π

|∆k| = 2lc,
allowing quasi momentum conservation and QPM.

A complementary process is a momentum-conserving process. q photons from
the FH at frequency ω1 are being up-converted to frequency ω̃ , chosen such that
the momentum mismatch is equal to zero: ∆p= h̄∆k = h̄

c [qω1n(ω1)−ω̃n(ω̃)] = 0.
This will result in an energy mismatch (again, due to dispersion): ∆E = h̄∆ω =

h̄(qω1− ω̃). In order to compensate for the energy mismatch, a temporal modula-
tion is needed. Equivalently to the coherence length, we can define the coherence
time: tc = π

|∆ω| and the simplest temporal QPM modulation will be a temporal
periodic modulation with the period T = 2tc.

In the more general case, any phase mismatch can be distributed between mo-
mentum and energy. For our representative up-conversion case the relation be-
tween the momentum mismatch, the energy mismatch and the material dispersion
terms is given by [6]

∆k(z, t) = [∆ω(z, t)n(ω̃)+2ω0{n(ω0)−n(ω̃)}]/c. (2.25)

A similar relation can be derived also for other nonlinear processes that involve
more than two interacting waves. Since the phase mismatch is distributed between
momentum and energy we have flexibility in the planning of the appropriate spa-
tiotemporal modulation. Unlike solely spatial or solely temporal modulations, we
have in the spatiotemporal case a span of possible solutions for the QPM modula-
tion. We can also achieve frequency tuning of the converted harmonic by control-
ling the modulation properties.

We introduce a normalized geometrical function, g(z, t), describing the spa-
tiotemporal modulation of the nonlinear electric susceptibility. An efficient con-
version is obtained only if the oscillations in the frequencies ∆k and ∆ω are be-
ing canceled by the matching components in g(z, t). This condition is known as
spatiotemporal QPM. The simplest case to achieve it is with the function g(z, t) =

eiΦ(z,t), where Φ(z, t) = ∆kz−∆ωt. In this case, the constant phase lines, Φ(z, t) =

Φ0 are such that every temporal wavelet of the fundamental pulse, or different
pulses passing through the nonlinear crystal at different times, would experience
the same QPM modulation. In such a case, the modulation can be produced by a
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light pattern, a train of pulses, moving forward at a fixed velocity [29].

2.1.5 Accelerating spatiotemporal quasi phase matching

A more general case considers a modulation in which the phase match (PM) con-
dition between the interacting fields is time dependent. The availability of tech-
niques for engineering complex spatiotemporal light patterns [2, 15] suggests that
all-optical spatiotemporal QPM can be produced, using modulations more sophis-
ticated than gratings moving at a constant velocity, in particular, an accelerating
grating is possible.

In the previous section we described the simple case of the nonlinear spa-
tiotemporal modulation g(z, t) = eiΦ(z,t), Φ(z, t) = ∆kz−∆ωt in which every tem-
poral wavelet of the fundamental pulse passing through the nonlinear crystal would
experience the same QPM modulation. However, we can consider a case in which
the light pattern is accelerating. An accelerating grating can enforce different PM
conditions at different times in the course of the nonlinear interaction. The PM
condition between the fields becomes time dependent. The energy mismatch and
momentum mismatch are now varying in space and time and the moment in the
pulse when a specific PM value is achieved becomes controllable. To achieve
PM, the instantaneous spatial and temporal frequencies of the phase modulation
function Φ(z, t) must obey:

∂Φ(z, t)
∂ z

= ∆k(z, t) (2.26a)

∂Φ(z, t)
∂ t

=−∆ω(z, t). (2.26b)

The simplest case of accelerating QPM modulation is when the phase func-
tion can contain linear terms in z and t, and must contain at least two of the three
nonlinear terms: z2, t2, tz leading to acceleration [7]. The modulation function of
the form Φ(z, t) = az+ bt + dz2 + et2 ia an example for such modulation. An
important example for an accelerating spatiotemporal QPM modulation is one in
which a specific QPM condition is satisfied along a coordinate τ = t − z/v in a
frame propagating with a constant velocity v. In such a modulation, each fre-
quency component would have, along the entire interaction length, the conditions
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required for PM conversion of that frequency component with the same efficiency
as if a periodic QPM modulation was used for only that frequency component,
allowing an efficient up-conversion for a highly broadband signal.

For a given phase matching problem there is a freedom in designing a QPM
modulation. Different modulations can lead to different manipulations of the gen-
erated fields profiles. Accelerating QPM modulation enables us to control the
spectral and temporal properties of radiation generated in the nonlinear process.

2.2 Time reversal

In this work we set upon showing that accelerating spatiotemporal QPM modula-
tion can be used to achieve envelope time reversal of optical signals. To date there
are very few methods by which time reversal was demonstrated or suggested. We
can roughly say there are only two methods: use of phase conjugation through
four wave mixing [13, 28, 21, 16, 20, 14] or using time-modulated photonic crys-
tals [27, 19, 25, 23, 30, 9, 26].

We start with the idea of time reversal through the use of four wave mixing as
it is described by Miller in Ref. [21]. Three waves incident upon a long and thin
nonlinear medium which is isotropic and non-dispersive. E1 and E2 illuminate on
the long side of the medium (L) uniformly from opposite directions (±x):

E1,2(x, t) = A1,2(t)ei(ω1,2t∓kx)+ c.c. (2.27)

Where A1,2 are the temporal envelope functions. They are slowly varying in x

(over the short width of the medium, d). The envelope functions can be written as
the Fourier transform of the envelope functions in the frequency domain:

A1,2(t) =
∫

∞

−∞

a1,2(ω)eiωtdω. (2.28)

The third field, E3, is a pulse propagating in the positive z direction and it is
described by:

E3(z, t) = A3(t−
z
v
)ei(ω3t−kz)+ c.c, (2.29)
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Figure 2.3: Illustration of the three incident waves and the nonlinear
medium in the four wave mixing procedure.

where
A3(t−

z
v
) =

∫
∞

−∞

a3(ω)eiω(t− z
v )dω. (2.30)

Illustration of the three incident waves is shown in Fig. 2.3. The generated
nonlinear polarization that will act as the source term to generate a fourth field
E4(z, t) = A4(t)ei(ω4t+kz)+ c.c propagating in the negative z direction is given by:
PNL = Dε0χ(3)E1E2E∗3 . By substituting it into the wave equation for lossless non-
magnetic medium, assuming slowly variating envelope approximation and pre-
forming integration over z we obtain:

a4(z,ω4) = G(ω4)a∗3(ω4)eiω4z/v. (2.31)

The phase match criteria is ω1 +ω2 = 2ω4 and

G(ω4) =−i
(2π)2ω

n2 χ
(3)
∫

∞

−∞

a1(ω1)a2(2ω4−ω1)dω1. (2.32)

From Eq. (2.31) we can see that a frequency component of E4(ω +ω4) is cou-
pled only to E3(ω +ω4), regardless to the value of G(ω4). From the connection
between the convolution of a1,a2 and the correlation of A1,A2 we get:

A4 =−i
2πχ(3)ω

n2

∫
∞

−∞

A1(t ′)A2(t ′)dt ′
∫

∞

−∞

a∗3(ω4)eiω4(t+z/v−2tp)dω4, (2.33)

where we assume that A1(t) or A2(t) (or both) are shorter than the smallest change
in A3(t) which we want to reveres accurately. This means that A1(t)×A2(t) is only
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relevant when t u tp. From Eq. (2.30) we see that Eq.(2.33) can be written as:

A4 =−i
2πχ(3)ω

n2

∫
∞

−∞

A1(t ′)A2(t ′)dt ′A∗3(−t− z/v+2tp). (2.34)

If A3 can be described as A3(τ) = α3(τ)eiφ0 then the relation we got can be de-
scribed as

A4 ∝ α3(−t− z/v+2tp)e−iφ0. (2.35)

We got that A4 is a time reversed replica of A3, with constant phase shift and
delayed by 2tp.

Next, we will describe the second time reversal concept, using time-modulated
photonic crystals. One example of such photonic crystals system is described by
Yanik et al. in Ref. [27]. Consider a system constructed from two subsystems,
A and B. Each subsystem is a coupled resonator optical waveguide (CROW). The
coupling rates of the subsystems is chosen such that the two CROW waveguides
have opposite dispersion relations αA = −αB = α . The coupling rate between
the systems is marked as β . The loss rates for A(B) is γA (γB) and the resonance
frequency is ωA (ωB). We can describe the amplitude ai,bi of the cavities A,B in
the ith unit cell using coupled mode theory:

dai

dt
= iωAai + iα(ai−1 +ai+1)+ iβbi− γAai (2.36a)

dbi

dt
= iωBbi− iα(bi−1 +bi+1)+ iβai− γBbi. (2.36b)

The eigenfrequencies ω±,k of the system with a wave vector k can be derived as:

ω±,k = 0.5
{

ωA,k +ωB,k + i(γA + γB)±
√
[ωA,k−ωB,k + i(γA− γB)]2 +4β

}
,

(2.37)
where ωA,k = ωA−2αcos(kl) and ωB,k = ωB+2αcos(kl) are the frequency bands
of each of the subsystems A and B respectively and l is the distance between the
nearest cavities in each of the subsystems. Assume now we have a pulse of the
form E(t,x) = A(t,x)ei(ωct−kcx)+ c.c.. The envelope function A(t,x) can be de-
scribed as the sum of Fourier components: A(t,x) = ∑k Ake−i(k−kc)xei(ω(k)−ωc)t +

c.c.. A reversed in time envelope function will be described according to: A(−t,x)=
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∑k Ake−i(k−kc)xe−i(ω(k)−ωc)t + c.c.. That suggesting that in order to achieve time
reversal, a frequency component with detuning of ∆ωk = ω(k)−ωc should be
converted to a new frequency with detuning of−∆ωk. Such frequency conversion
should be performed for all Fourier components of the pulse. In order to preserve
wave vector information, the pulse should be inside the system during the time-
reversal process, such that the conversion process is translationally invariant. The
time reversal process of the pulse in the described system goes as follows: At first,
ωA−ωB <<−|β | and the pulse carrier frequency ωc is equal to ωA. In this case
the characteristic of the lower band are of the subsystem A and the lower band can
obtain the pulse, each spectral component of the pulse holding a different wave
vector. After the pulse is inside the system, the cavity resonance is modulated. ωA

and ωB are varied until ωA−ωB >> |β |. The rate of the modulation is slow in
comparison with the frequency separation between the lower and the upper bands,
thus ensuring negligible scattering from the lower band into the upper band (each
wave vector component of the pulse follows only the lower band). This processes
is leading to the evolution of an initial state with a wave vector k and detuning ∆ωk

into a final state with the same wave vector but an opposite detuning of−∆ωk. The
result is a time reversed replica of the original pulse which moves in subsystem B
backwards to the original propagation direction and exit the system.

An additional example of time reversal using a time-modulated photonic crys-
tal is described by Sivan et al. in Ref. [25]. The structure in this case is a 1D
layered photonic crystal satisfying the condition between the refractive indices
and the thicknesses of the two layers: n1d1 = n2d2 (this is called the quarter-
wave stack (QWS) condition). This kind of a system has a zero-width gap at
λc = 2n1d1 = 2n2d2. At the zero Bloch momentum point (K = 0) light can travel
either in the positive or negative group velocity band. A modulation of the refrac-
tive index can cause the exchange of energy between the bands. The modulation
should be periodic in order to avoid wave vector mixing. The modulation should
also have a wider bandwidth than that of the pulse. The time modulation of the
QWS can be described as :

n(x, t) = nQWS(x)+Γp(x)m(t), (2.38)

where p(x) is the spatial pattern of the modulation with period d (same period as
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for nQWS) and Γ is a constant representing the magnitude of the modulation. We
define the electromagnetic field using scalar functions (F and B) representing the
forward and backward fluxes in the photonic crystal:

E(x, t) =
1√

n(x, t)
[F(x, t)+B(x, t)] (2.39a)√

µ0

ε0
H(x, t) =

√
n(x, t)[F(x, t)−B(x, t)]. (2.39b)

Substituting it into Maxwell’s equations of the linear polarization case we will
obtain:

n
∂W̄
∂ t

=

(
−c ∂

∂x −
∂n
∂ t −1

2
∂n
∂ t +

c
2n

∂n
∂x

−1
2

∂n
∂ t −

c
2n

∂n
∂x c ∂

∂x −
∂n
∂ t

)
W̄ , (2.40)

where W̄ =

(
F

B

)
. Close to the gap, the solution for Eq. (2.40) is consists mainly

of two spectral components on each of the two bands. Each component can be
written as the product:

W̄ = [ f (x1, t1)Ψ̄ f (x0)+b(x1, t1)Ψ̄b(x0)]e−iωct0, (2.41)

where ωc =
2π

λc
, Ψ̄ f ,b are the eigenmodes of Eq. (2.40), the functions f and b are

the slowly varying envelopes of the forward and backward waves respectively and
we distinguish between fast variations of the carrier waves, (x0, t0), and slower
variations of the envelopes, (x1, t1). Substituting Eq. (2.41)) into Eq. (2.40),
we can obtain equations for the time evolution of the forward and backwards
envelops. The obtained equations can be solved analytically if the backward com-
ponent is small in comparison to the forward component such that weak coupling
is held. In which case the backward wave is given by:

b(x(b), t) = Γm(od)eΦ(t)b̄(x(b), t), (2.42)
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where

b̄(x(b), t) =
∫

h(t ′) f0

(
x(b)−

∫ 2vgdt ′′

1+Γm(d)m(t ′′)

)
dt ′ (2.43a)

Φ(t) = Γm(d)
∫ iωcm(t ′)− dm(t)

dt |t ′
1+Γm(d)m(t ′)

dt ′ (2.43b)

h(t) =
−iωcm(t)+ dm(t)

dt

[1+Γm(d)m(t)]2
(2.43c)

m(d) =
∫ d

0
Ψ

†
f (x)p(x)Ψ f (x)dx (2.43d)

m(od) =
∫ d

0
Ψ

†
f (x)p(x)Ψb(x)dx. (2.43e)

And where f0 is the envelope of the forward pulse prior to modulation, vg is the
group velocity and x(b)= x+vg

∫ dt ′

1+Γm(d)m(t ′)
is a frame moving with the backward

pulse. This solution for b shows that the wave front has been reversed. We can
see that at times after the modulation ended, b is given by a convolution of the
forward wave ( f0) with the impulse response of the system h(t).

The two methods described above are the main methods to date by which time
reversal was demonstrated or suggested. In this work, we will bring a new poten-
tial method for envelope time reversal that relies on the ability of an accelerating
QPM modulation to determine a specific trajectory in space-time along which fre-
quency conversion is possible. One benefit of our scheme is that the generated
signal is built efficiently, over distances longer than the coherence length of the
process, due to the fulfillment of the phase matching condition. Our method sets
apart from the methods described above also by the concept that the generated
envelope-time-reversed replica is at a different frequency than that of the original
pump pulse which enables to filter out the envelope-time-reversed signal.
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3 Theoretical analysis

3.1 Time reversal modulation

We develop the concept of envelope time reversal method using accelerating spa-
tiotemporal quasi phase matching (QPM) modulation for the prototypical nonlin-
ear frequency conversion of second harmonic generation (SHG). We start with
the one-dimensional wave equation for the second harmonic (SH) field in the fre-
quency domain under the no-depletion approximation in a non-magnetic medium:

∂ 2Ẽ2ω0(z,ω)

∂ z2 +β
2(ω)Ẽ2ω0(z,ω) =−µ0ω

2P̃NL(z,ω), (3.1)

where n(ω) is the index of refraction, c = 1/
√

µ0ε0 is the speed of light, µ0 is
the vacuum permeability, ε0 is the vacuum permittivity, and β (ω) = n(ω)ω/c is
the wavenumber. P̃NL(z,ω) is the Fourier transform of the material second-order
nonlinear polarization. In the time domain it is defined as

PNL(z, t) = ε0χ
(2)g(z, t)E2

ω0
(z, t), (3.2)

where Eω0(z, t) is the fundamental-harmonic (FH) electric field, χ(2) is the second-
order electric susceptibility, and g(z, t) = eiΦ(z,t) is the spatiotemporal modulation
imposed by the QPM modulation onto the nonlinear polarization. As delineate in
the previous chapter, the spatial and temporal frequencies of the phase function
Φ(z, t) can be used to phase match momentum and energy components, respec-
tively.
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Figure 3.1: Space-time diagram for envelope time reversal using an
accelerating QPM modulation. Along the thick continuous line, cor-
responding to velocity ṽ, the phase-matching (PM) condition is met
for SHG. Continuous and dashed lines represent, respectively, wavelets
(short segments of the emitted radiation) belonging to the FH pulse and
SH radiation propagating at the respective group velocities. Whenever
an FH wavelet encounters the PM line, a SH wavelet is emitted. At the
end of the interaction, z = zend , the time ordering of the SH wavelets is
the time reversal of the FH wavelets.

3.1.1 Finding a phase modulation pattern

Our goal is to find a phase-modulation pattern, Φ(z, t), such that the resulting SH
temporal envelope will be the time reversal of its squared FH counterpart. First,
we assume that, at z = 0, the FH pulse starts at t = 0, and the FH (SH) moves at
group velocity vg1 (vg2) with vg2 < vg1 . We utilize the difference in group veloc-
ities between the SH and the FH as follows: the QPM modulation, as we show
below, will satisfy phase match (PM) conditions only for a short temporal interval
around t = z/ṽ (the “PM locus" denoted by the thick continuous line in Fig. 3.1),
where vg2 < ṽ < vg1 . In this small temporal interval, efficient up-conversion takes
place. Whenever a specific wavelet belonging to the FH pulse moving at veloc-
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ity vg1 (continuous lines in Fig. 3.1) hits the PM line, an SH wavelet is emitted,
propagating at velocity vg2 (dashed lines in Fig. 3.1). If the FH pulse width is T1,
the up-conversion process will effectively cease at zend = vg1 ṽT1/(vg1 − ṽ). The
value of zend is deduced geometrically from comparing the two linear lines: the
end of the FH, z = vg1(t−T1), and the PM locus, z = ṽt. Using basic geometrical
arguments it is apparent from Fig. 3.1 that, at this point, the SH envelope is the
time reversal of the (squared) FH envelope, scaled with a factor

R =
ṽ− vg2

vg1− ṽ
·

vg1

vg2

, (3.3)

such that the SH pulse duration is T2 = RT1. Depending on the relation between
group velocities and ṽ, R can represents either expansion or shrinking. Note that
for vg2 > vg1 , the modulation needs to satisfy the condition vg1 < ṽ < vg2 while the
PM line is z = ṽ(t−T1).

Now, we proceed to the identification of an appropriate modulation phase
function Φ(z, t) having the following spatial and temporal frequencies:

∂Φ

∂ z
= ∆k(z, t), (3.4a)

∂Φ

∂ t
=−∆ω(z, t). (3.4b)

Meanwhile, if ∆k = 2k(ω0)− k(ω̃) and ∆ω = 2ω0− ω̃ are the momentum and
energy phase mismatches of the up-conversion process from frequency ω0 to ω̃ ,
they must obey the phase-mismatch-compensation condition [6]:

∆k(z, t) = [∆ω(z, t)n(ω̃)+2ω0{n(ω0)−n(ω̃)}]/c. (3.5)

We require Eq. (3.5) to hold solely along z = ṽt, suggesting the linear relation
∆ω ∝ z− ṽt. Inserting ∆ω into Eq. (3.4b) and integrating over time results in

Φ = α(z− ṽt)2 + f (z), (3.6)

with chirp constant (acceleration rate) α , and an additional spatial dependence
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f (z). Next, in order to obtain ∆k(z, t), derivation with respect to z is needed:

∆k(z, t) =
∂Φ

∂ z
= 2α(z− ṽt)+ f ′(z). (3.7)

Choosing f ′(z) = ∆k0, provided that ∆k0 is the momentum mismatch in the case
of zero energy mismatch: ∆k0 = 2ω0[n(ω0)−n(2ω0)]/c, will satisfy the PM con-
dition for ∆ω = 0 (in this case the PM condition brings the upconversion exactly
to the second harmonic, 2ω0). The obtained modulation function is then:

Φ(z, t) = α(z− ṽt)2 +∆k0z. (3.8)

We can show that the condition given by Eq. (3.5) is held by substituting into it
the modulation’s spatial and temporal frequencies, ∆k and ∆ω:

∆k(z, t) =
∂Φ

∂ z
= 2α(z− ṽt)+∆k0 (3.9a)

∆ω(z, t) =−∂Φ

∂ t
= 2α ṽ(z− ṽt). (3.9b)

For the choice of ω̃ = 2ω0 the condition then becomes :

2α(z− ṽt)+∆k0 = [2α(z− ṽ)n(2ω0)+2ω0{n(ω0)−n(2ω0)}]/c

→ 2α(z− ṽt)
[

1− n(2ω0)ṽ
c

]
+∆k0 = ∆k0. (3.10a)

Along z = ṽt the condition is held. Of course, this modulation format is not the
only one possible for our purpose, but it is, arguably, the simplest one.

The temporal acceleration rate of the modulation (chirp) is ∂ 2Φ/∂ t2 = 2α ṽ2.
Faster acceleration moves points outside the PM line farther from the PM con-
ditions, making the accuracy of the envelope time reversal better. To support
a required temporal resolution ∆T associated with bandwidth ∆Ωp = 2π/∆T ,
the QPM-modulation bandwidth in this interval, ∆Ωm = 2α ṽ2∆T , must be much
larger: ∆Ωm� ∆Ωp. This resolution condition may be quantified by a figure of
merit, F :

F =
∆Ωm

∆Ωp
= α ṽ2

∆T 2/π >> 1. (3.11)

Since ṽ is restricted by the material group velocities, for the required resolution
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Eq. (3.11) imposes an essential condition on the chirp constant α of the QPM
modulation. An example of the phase modulation function is shown in Fig. 3.2.
In this example we use the FH parameters of a pulse with central wavelength at
800 nm, propagating in Barium borate (BBO) [10] and the modulation parameters
ṽ = 1.71 ·108 m/s and α = 5 ·109 rad/m2.

Figure 3.2: Space-time diagram of the real part of an example of accel-
erating spatiotemporal QPM modulation, in a frame moving at the FH
group velocity, (ξ ,τ). In this example, Ṽ = 1.71 ·108 m/s and α = 5 ·109

rad/m2. The FH group velocity, vg1 = 1.78 ·108 m/s, and the momentum
mismatch in the case of zero energy mismatch, ∆k0 = −5.1 · 105 1

m , are
that of BBO for the central wavelength of 800 nm.

3.1.2 Support of other phase-matched up-conversion processes

Apart from the desired phase-matched envelope-time-reversal process, the pro-
posed modulation format may support other phase-matched upconversion pro-
cesses. Let us assume the existence of frequency ω̃ for which PM conditions
apply. Substituting Eq.(3.9b) into Eq.(3.9a) and using ∆ω̃ = 2ω0− ω̃ and ∆k0 =

2ω0[n(ω0)−n(2ω0)]/c will result in:

∆k̃ =
∆ω̃

ṽ
+∆k0 =

2ω0− ω̃

ṽ
+

2ω0[n(ω0)−n(2ω0)]

c
. (3.12)
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On the other hand, in order to achieve PM, Eq. (3.5) must be met. Comparing Eq.
(3.12) and (3.5) will lead us to the condition:

2ω0

[
1
ṽ
− n(2ω0)

c

]
= ω̃

[
1
ṽ
− n(ω̃)

c

]
. (3.13)

It is evident that the desired upconversion to ω̃ = 2ω0 meets this criteria as planned.
However, it is possible that the conversion to other frequencies will satisfy this
condition as well, depending on the material dispersion and on the chosen veloc-
ity, ṽ. Such concomitant phase-matched processes will produce additional replicas
of the FH around different central frequencies. As long as these replicas stay well
separated in the frequency domain, the desired envelope-time-reversed signal can
be filtered out. The time orientation of any replica with respect to the FH depends
on the replica’s group velocity vgω̃

(and its relation to the FH group velocity and
to the spatiotemporal trajectory determined by the PM condition).

3.2 Analytical model

A simple analytical model can explicitly demonstrate that the modulation format
proposed here indeed results in envelope time reversal. To this end, we use the
spatiotemporal slowly-varying-envelope approximation, along with no-depletion
approximation for the FH field. Also neglecting high-order dispersion, we reduce
Eq. (3.1) to:

(
∂

∂ z
+

1
vg2

∂

∂ t

)
A2(z, t) = κeiΦ(z,t)A2

1

(
t− z

vg1

)
, (3.14)

where A1 (A2) is the FH (SH) envelope, κ ≡ −iω2
SHdeff/[c2k(ωSH)] and deff is

the nonlinear-coupling coefficient. We make use of a coordinate system moving
with the SH group velocity, so that τ2 = t− z/vg2 , ξ ≡ z. In this case, Eq. (3.14)
becomes:

∂

∂ξ
A2(ξ ,τ2) = κeiΦ(ξ ,τ2)A2

1

[
τ2 +ξ

(
1

vg2

− 1
vg1

)]
, (3.15)

and the modulation function becomes:

Φ(ξ ,τ2) = α

(
ξ

[
1− ṽ

vg2

]
− ṽτ2

)2

+∆k0ξ . (3.16)
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Assuming that the acceleration of the QPM modulation pattern is large enough,
we use the stationary-phase approximation to integrate Eq. (3.15) around the sta-
tionary points ξs determined by ∂Φ/∂ξ |ξs = 0. The derivative of Φ with respect
to ξ is:

∂Φ

∂ξ
= 2α

(
ξ

[
1− ṽ

vg2

]
− ṽτ2

)(
1− ṽ

vg2

)
+∆k0. (3.17)

Comparing to 0 will yield the stationary points:

ξs =
∆k0

2α(1− ṽ/vg2)
2 +

ṽτ2

1− ṽ/vg2

≈ ṽτ2

1− ṽ/vg2

(3.18)

under the above condition, α � ∆k0 (the stationary point-equation is tantamount
to the definition of the PM line, z = ṽt). Integration of Eq. (3.15) gives

A2(ξ ,τ2)≈ A2
1

(
τ2 +ξs

(
1

vg2
− 1

vg1

))
e−iΦ(ξs,τ2)κ

×
∫

∞

0
exp
[
− iΦ′′(ξs,τ2)

2
(ξ −ξs)

2
]

dξ =

=
κ

2

√
2π

|Φ′′(ξs,τ2)|
eπi/4eiΦ(ξs,τ2)×A2

1

(
τ2 +ξs

(
1

vg2
− 1

vg1

))
. (3.19)

Φ′′ is the second derivative of the modulation function with respect to ξ and it is
given by: Φ′′ = 2α(1− ṽ/vg2)

2. Substituting ξs, Φ(ξs,τ2) and Φ′′(ξs,τ2) into Eq.
(3.19) we obtain:

A2(z, t) =
κ

2

√
π

|α|(1− ṽ/vg2)
2 e

πi
4 e

i∆k0
vg2 ṽτ2
vg2−ṽ

×A2
1

(
τ2 +

ṽτ2

1− ṽ/vg2

(
1

vg2
− 1

vg1

))
. (3.20)

The argument of the FH squared envelope, A2
1, can be written as:

τ2 +
ṽτ2

1− ṽ/vg2

(
1

vg2
− 1

vg1

)
= τ2

(
1+

ṽ[vg1− vg2]

vg1[vg2− ṽ]

)
=

=
−τ2

vg1(ṽ−vg1)

vg2(vg1−ṽ)

=
−τ2

R
, (3.21)
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where the factor R is given by Eq. (3.3). Applying the above and getting back to
the (z, t) coordinate system, we obtain:

A2(z, t) =
κ

2

√
π

|α|(1− ṽ/vg2)
2 e

πi
4 e

i∆k0
ṽ(vg2 t−z)

vg2−ṽ A2
1

(
− 1

R

(
t− z

vg2

))
, (3.22)

where the factor R is positive for vg2 < ṽ < vg1 , which secures the envelope time
reversal.
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4 Numerical simulations

4.1 Numerical model

To demonstrate the envelope time reversal using our proposed accelerating modu-
lation we preformed numerical simulations for SHG in a nonlinear photonic crys-
tal. For this purpose, we convert the second-order differential wave equation given
by Eq.(3.1) to two first-order differential equations. Let us define:

H(z,ω)≡ eiβ (ω)z
[
−iβ (ω)Ẽ2ω0(z,ω)+

∂ Ẽ2ω0(z,ω)

∂ z

]
. (4.1)

The first derivative of H(z,ω), with respect to z, is:

∂H(z,ω)

∂ z
= iβ (ω)eiβ (ω)

[
−iβ (ω)Ẽ2ω0(z,ω)+

∂ Ẽ2ω0(z,ω)

∂ z

]
+

+eiβ (ω)z
[
−iβ (ω)

∂ Ẽ2ω0(z,ω)

∂ z
+

∂ 2Ẽ2ω0(z,ω)

∂ z2

]
=

=

[
β

2(ω)Ẽ2ω0 +
∂ 2Ẽ2ω0(z,ω)

∂ z2

]
eiβ (ω)z. (4.2)

Using the relation in Eq. (3.1) the derivative is equal to:

∂H(z,ω)

∂ z
=−µ0ω

2P̃(z,ω)eiβ (ω)z. (4.3)

We can write Eq.(4.1) as:

∂ Ẽ2ω0(z,ω)

∂ z
= e−iβ (ω)zH(z,ω)+ iβ (ω)Ẽ2ω0(z,ω) (4.4)
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As needed, Eq.(3.1) is reduced to Eqs.(4.3) and (4.4) which are two first-order
differential equations.

Using the Runge-Kutta 4 (RK4) method on the equations in the frequency do-
main followed by preforming inverse Fourier transform, we can obtain the solu-
tion for the SH field in the time domain. For each RK4 step (each small increment
in z value) we compute the modulation function Φ given in Eq. (3.8), then com-
pute the material second-order nonlinear polarization P(z, t) given in Eq. (3.2)
and preform Fourier transform to the frequency domain in order to obtain P̃(z,ω)

for the right hand side of Eq. (4.3). For convenience, in the time domain we will
work in a frame moving with the FH group velocity such that τ = t− z

vg1
;ξ ≡ z.

Since the Fourier connection is between t and ω , a correction to the FT on P(ξ ,τ)

in τ frame should be added:

P̃(z,ω) = Ft [P(ξ ,τ)] =
∫

∞

−∞

P(ξ ,τ)e−iωtdt =
∫

∞

−∞

P(ξ ,τ)e−iω(τ+z/vg1)dt =

= e−iωz/vg1

∫
∞

−∞

P(ξ ,τ)e−iωτdτ = e−iωz/vg1 Fτ [P(ξ ,τ)]. (4.5)

After obtaining P(z,ω), at each z step, we can now solve Eq. (4.3) and with the
resulted H(z,ω) solve Eq. (4.4).

The simulation conditions will be set as follows: assuming that the group
velocities maintain the relation vg2 < vg1 , the PM locus velocity, ṽ, should be
chosen such that vg2 < ṽ < vg1 . For a given input signal width, T1, we can deduce
the minimal interaction length required according to zend = vg1 ṽT1/(vg1 − ṽ). In
the (ξ ,τ) coordinate system, the FH does not propagate in τ , and the prorogation
of the SH is with the velocity v̄g2 =

vg2vg1
vg2+vg1

. At the end of the interaction the SH
will reach the τ value of τend =

zend
v̄g2

+T2 =
zend
v̄g2

+RT1. Where T2 is the SH duration
and R is given by Eq. (3.3). The acceleration rate should be determined such that
the resolution condition given in Eq. (3.11) is met.

4.2 Numerical results

We have performed direct numerical integration of the full wave equation (3.1),
using the procedure outlined above. As an input, we took a FH pulse with central
wavelength at 800 nm, propagating in BBO. The modulation format is introduced
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Figure 4.1: (a) Refractive index and (b) group velocity of BBO for cen-
tral wavelength of 800 nm as a function of frequency. The group ve-
locity mismatch required for our desired modulation is evident since
vg(ω0) 6= vg(2ω0).

with the help of the phase function Φ in Eq. (3.2), while in other settings the am-
plitude modulation of the nonlinear polarization may also be used [5, 22]. Fig. 4.1
outlines the frequency dependence of the refractive index, n(ω), and the of group
velocity, vg(ω) = c

n(ω)+ω
∂n(ω)

∂ω

. The group velocity mismatch required for our de-

sired modulation is evident since vg(ω0) 6= vg(2ω0).

First we look at the FH pulse of an overall duration∼ 1 ps with an asymmetric
envelope containing three peaks, distanced 0.3 ps apart, with increasing ampli-
tudes, see Fig. 4.3(a). The results are displayed in the (τ,ξ ) reference frame.
The group velocities are vg1 = 1.78 ·108 m/s and vg2 = 1.68 ·108 m/s. The value
of ṽ = 1.76 · 108 m/s, substituted in Eq. (3.3), yields the scaling factor R ≈ 4.
We used four accelerating QPM modulation formats with increasing values of the
chirp rate α , so that the corresponding resolution figure of merit F , defined in
Eq. (3.11), increases from 1 to 50, keeping the target resolution of ∆T = 0.3 ps.
The respective shapes of the SH envelope produced by the interaction are dis-
played in Fig. 4.3(b-e). It is evident that a large enough factor, F = 50, secures
obtaining an exact time-reversed replica of the squared FH envelope. To estimate
typical parameters, we notice that, in the case of the FH pulse of duration ∼ 1 ps,
with ∆T = 0.3 ps and F = 10, for which the envelope-time-reversed replica has
decent resolution, the overall bandwidth of the QPM modulation is 210 nm for
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Figure 4.2: PM condition dependence on frequency for two ṽ values.
For ṽ = 1.76 ·108 m/s only the frequency ω = 2ω0 upholds the condition
(condition = 0), whereas for ṽ = 1.71 ·108 m/s, the frequency ω = 1.6ω0
upholds the condition as well.

the central wavelength of 800 nm. Such bandwidths are readily achievable with
commercial femtosecond lasers.

Next we will look at the full temporal and spectral evolution of the SH field
along the interaction coordinate for two different velocities, ṽ = 1.76 · 108 and
1.71 ·108 m/s, while α = 5 ·1010 rad/m2 for both cases. Together with the target
value of ∆T = 0.55 ps, one has the corresponding values F = 150 and 140 for the
two cases. This time, the FH field has an asymmetric double-peak envelope with
a 1 ps duration, see Fig. 4.4(a). In Fig. 4.2 we can see the PM condition given in
Eq. (3.13) as a function of frequency:

Condition(ω) = 2ω0

[
1
ṽ
− n(2ω0)

c

]
−ω

[
1
ṽ
− n(ω)

c

]
. (4.6)

If Condition(ω) = 0, PM condition is met and a replica at the corresponding
frequency will be generated. For ṽ = 1.76 · 108 m/s the QPM modulation gives
rise precisely to the intended envelope-time-reversed shape of the SH, as seen in
Fig. 4.4(i). In this case, the temporal evolution clearly shows that the two peaks of
the FH profile are generated at different coordinates. Although the earlier FH peak
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is upconverted first, at the end of the interaction it lags behind the upconverted
second peak, because the SH group velocity is smaller than both the FH group
velocity and the velocity ṽ selected by the PM condition (3.5). Thus, the sequence
of the two peaks in the SH envelope is reversed versus the original FH envelope.

For the second case, with ṽ= 1.71 ·108, the modulation supports the envelope-
time-reversed replica at ω̃ = 2ω0, shown by a continuous line in Fig. 4.4(j), and
an additional spectrally separated, non-reversed replica, shown by a dashed line in
Fig. 4.4(j), at ω̃ = 1.6ω0, in accordance with Eq. (3.13) and Fig 4.2. The second
replica is not inverted because its group velocity, 1.735 · 108 m/s, is higher than
the PM condition velocity ṽ although the order of generation of the two peaks in
the SH is the same as in the inverted replica. We note that the QPM modulations
are different for the two cases, as they depend on the value of ṽ, leading also to a
difference in the scaling factors: R≈ 4(0.4) for ṽ = 1.76 ·108 (1.71 ·108) m/s.
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Figure 4.3: Envelope time reversal for varying acceleration rates of the
QPM modulation. (a) The squared absolute value of the field in the
FH pulse at the start of the interaction. (b)-(e) The absolute value of
the SH field after completing the interaction with the accelerating QPM
modulation structure. The results are characterized by values of the
resolution-figure-of-merit, F , at different acceleration rates.
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Figure 4.4: Full temporal and spectral evolution of radiation emitted
due to the interaction of an FH with the accelerating QPM modulation.
Top panel: (a) temporal and (b) spectral dependence of the FH field.
Bottom panel: left column: evolution of the SH for a QPM modula-
tion allowing for a single envelope-time-reversed SH replica of the FH;
right column: evolution of the up-converted radiation for the case of a
QPM modulation allowing for an additional non-reversed replica of the
FH. (c),(d) spectral evolution (e),(f) temporal evolution (g),(h) the up-
converted spectrum at the end of the interaction (i),(j) the up-converted
amplitude in the time domain at the end of the interaction. (The non-
reversed replica is marked with a dashed line).
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5 Conclusions

To conclude, we have shown that accelerating spatiotemporal quasi-phase-matching
modulation can be used for up-converting a FH field to an envelope-time-reversed
replica under the non-depletion approximation and when high order dispersion is
negligible. The choice of the appropriate QPM modulation is dependent on the
group-velocity mismatch between the interacting components. Similarly to other
proposed methods of time reversal [28, 21, 16, 27, 19, 25], the proposed modu-
lation needs to be synchronized with the time of arrival of the FH field, and its
bandwidth must be much larger than the bandwidth of the FH, to secure high-
quality inversion. The latter condition is controlled by the chirp rate of the QPM
modulation. While we have demonstrated the proposed scheme in detail using
the most fundamental nonlinear process of SHG, it should be relevant to any non-
linear optical process based on a parametric interaction, such as high-harmonic
generation, where the nonlinear polarization can be manipulated macroscopically
using an all-optical perturbation with high efficiency [29].
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  תקציר

  

פלזמונים  תיקון עיוות גל, מיקוד בתנאים שונים,להיפוך בזמן של פולסים אפליקציות חשובות כגון 

מאיץ מרחבי -מופע זמני-תיאום-ון קוואזיבעבודה זו נראה תיאורטית ששימוש באפנ ואולטרסאונד רפואי.

)accelerating spatiotemporal quasi-phase-matching (QPM) modulation בתווך עם (

ולס השאיבה פמעטפת יצירת שכפול הפוך בזמן של אינטראקציות פרמטריות אופטיות יכול להוביל ל

  ברכיב תדר מומר.

. תהליך ההמרה תלוי באי ההתאמה של מומר זהוביל לשכפול הפוך בזמן אפנון התה גיאומטריית נבנה את 

מוניה המומרת ונשלט על ידי קצב ההאצה של תבנית מהירויות החבורה בין ההרמוניה הבסיסית להר

נפתח עקרון זה לתהליך המרת התדר הטיפוסי של יצירת תדר ללא הגבלת הכלליות, הפאזה של האפנון. 

תבנית אפנון זו יכולה לתמוך גם בתהליכי המרת תדר  .)second harmonic generation (SHG)(שני 

נאמת את התוצאות החישוביות בעזרת ם זה קורה. המתואמי פאזה נוספים. אנו ננתח את המצבים ב

 הדמיות מספריות למקרה של יצירת תדר שני בגביש לא לינארי.
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